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Recently there has arisen increased interest in the study of radiative 
heat transfer between geometrically simple systems, both as autono- 
mous problems and as elements of more complex problems. 

Problems of this kind have been treated by many authors [1-11], who 
trove considered gray, diffusely emitting and absorbing boundaries 
and gray nonseattering media. In most eases these investigations were 
restricted either to the derivation of approximate formulas for the net 
radiative flux, without an exact analysis of the temperature distribu- 
tion in the layer [5-7], or to numerical computation [1-4]. In the lat- 
ter case, with the exception of [8], which contains a numerical analy- 
sis for the case of optical symmetry, no attempt was made to analyze 
the effect of the optical properties of the boundaries on the tempera- 
ture field in the layer. 

These papers can be divided into two groups according to the method 
of anatysis used. The first group includes papers based on the integral 
equations of radiative transfer, with the corresponding integral analy- 
tical methods [1, 2]. Similar in nature are [3, 4] which use the slab 
method, applicable to electrical-analog computation, as well as a 
recent paper [8] based on probability methods. 

The second group of papers [5-7] is based on the so-called differential 
methods. Of particular interest is [7], which develops these methods 
to an advanced degree. In several papers the problem of radiative 
transfer is analyzed in conjunction with more complex problems (ef., 
e .g . ,  [10, 11]). 

In the present work we shall attempt to carry out an approximate 
analytical study of problems connected with radiative heat transfer in 
a plane layer of an absorbing, emitting, nonscattering gray medium 
with temperature-independent optical properrS.es. The layer is bounded 
by two parallel, diffusely emitting and diffusely reflecting, isother- 
mal, gray planes. 

The paper presents the fundamental formulation of the problem, 
which consists in: (a) the determination of the net heat flux on the 
basis of given temperature distribution (direct formulation), and (b) the 
determination of the temperature distribution on the basis of given dis- 
tribution of the net radiative heat source per unit volume and boundary 
temperatures (inverse formulation). The analysis is based on integral 
methods appropriate to the integral equations which represent the net 
total and hemispherical radiation flux densities [12]. 

T h e  i n t e g r a l  e q u a t i o n s  o f  r a d i a t i v e  t r a n s f e r  in a 

r a d i a t i n g  s y s t e m  of a r b i t r a r y  c o n f i g u r a t i o n  a r e  [12] 

E (M) ---- A (31) f A (N) Eo (N) r (M, N) dFN + 
i+ 

+ A(M)I • P)dVp--A (M)E,,(M) 
V 

(M @ F), (1) 

- - B ( M ) ~  ~ ( M )  ~o(M) - - •  I • P)dVp-- 
V 

--  • (M) f A (N) Eo (N) F~ (M, N) dFw 
F 

(M ~ V), 

(-- r I(M) = div E~, "qo(M) = 4Eo(m) = 4~oT 4 (M), 

Eo = r A(N) = i -- R (N)). (2) 

H e r e  *I(M) is  t h e : n e t  t o t a l  r a d i a t i v e  h e a t  s o u r c e  p e r  
uni t  v o l u m e  a t  t he  po in t  M, E4~ is  the  r a d i a t i o n  f lux  
v e c t o r ,  E(M) i s  t h e  ne t  h e m i s p h e r i c a l  r a d i a t i v e  h e a t  
f lux at  t he  po in t  M, T0(M) i s  t h e t o t a l b l a c k - b o d y  s o u r c e  

func t ion ,  E0(M ) i s  t he  h e m i s p h e r i c a l  b l a c k - b o d y  r a d i a -  
t i o n  f lux dens i ty ,  •  i s  the  v o l u m e t r i c  a b s o r p t i o n  
( e m i s s i o n )  c o e f f i c i e n t  of  the  m e d i u m  at  the  po in t  M, 
and A(N) is  the  e m i s s i v i t y  of  t he  s u r f a c e  a t  t he  po in t  
N. In E q s .  ( 1 ) a n d  (2) the  r e s o l v i n g  k e r n e l s  Z(M; P), 
F(M,  N) h a v e  the  p h y s i c a l  m e a n i n g  of  shape  f a c t o r s  
b e t w e e n  the  f ixed  po in t  M and the  g e n e r i c  v o l u m e  e l e -  
m e n t  P and s u r f a c e  e l e m e n t  N :  

Z (M, P) = L (M, P) -f- i R (N) L (M, N) Z (N, P) dFu, 

F ( M , N ) = Q ( M , N ) +  R(P) Q(M, P) F(P,N)dFp, 

i ~ c o s  0 M 
L(M, P)=exp - -  • d S ) ~ ,  

r* " M P  

r 
~ P cos ONCOS 0~ Q(M,N) e x p - - 3 •  ( ) d S )  ~ " 
0 

In an  a n a l o g o u s  m a n n e r  we  can  r e p r e s e n t  t he  r e s o l v i n g  
k e r n e l s  ZI(M , P),  FI (M,  N ) b y  the  e q u a t i o n s  

Zx (M, P) = L, (M, P) + !, B (N) Q, (M, N) Zx (N, P) dFzv, 

1 F I ( M , N ) = Q I ( M , N ) +  R ( P )  Q~ (M, p)  F~ (P, N) dFp, 

1 
LI(M, P ) =  exp ( - - ! ,  • 

r 

Q, (M, N) oxv (-- I (p)  ts) 
o ~ r M ~  

H e r e  r i s  t he  d i s t a n c e  b e t w e e n  M and P o r  M and N, 

and 0 M, O N a r e  t h e  a n g l e s  b e t w e e n  the  g e n e r i c  r a y  
and the  n o r m a l s  to  t he  s u r f a c e  e l e m e n t s  a t  M and N. 

To  app ly  the  i n t e g r a l  e q u a t i o n s  (1), (2) to  t he  s p e -  
c i f i c  r a d i a t i n g  s y s t e m  u n d e r  c o n s i d e r a t i o n ,  we  f o r -  
m a l l y  i n t r o d u c e  in to  t h e s e  e q u a t i o n s  t he  g e o m e t r i c a l  
c h a r a c t e r i s t i c s  o f  the  s y s t e m .  In p a r t i c u l a r  , i f  we  
t a k e  in to  a c c o u n t  t he  f ac t  t h a t  the  s u r f a c e s  F1, F2, 
wh ich  c o n s t i t u t e  t he  b o u n d a r y  F, a r e  n o n c o n c a v e ,  we  
find tha t  t he  s e l f - i r r a d i a t i o n  shape  f a c t o r s  o f  t he  s u r -  
f a c e s  v a n i s h ,  Q(Pl ,  N 0  = QfPz,  N2) = 0 ( h e r e  P l  and 
P2 a r e  t h e  i n t e r m e d i a t e  r e f l e c t i n g  a r e a  e l e m e n t s  on 
the  s u r f a c e s  FI,  F 2, r e s p e c t i v e l y ) ,  and t h a t  r e f l e c t i o n  
t a k e s  p l a c e  b e t w e e n  the  two o u t e r  bound ing  s u r f a c e s  

on ly .  
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One can eas i ly  show that  the integral  t e r m s  which 
appear  in (1) and (2) can be expres sed  in explicit  f o r m  
in t e r m s  of  the geome t r i ca l -op t i ca l  p a r a m e t e r s  Q(M, 
N), QI(M, P), Li(M , p).  Thus in Eq. ( 2 ) f o r  ~(M)we 
have 

f A (N~) Eo (N1) r~ (M, Na) dFN, = 
Fa 

t f A = ~ (N~)Eo (N~)[Q~ (M, NI) + 

+ f R (N~) Q~ (M, N~) Q (N:, N~) dF~.,-] dF~,, (3) 
Fz 

I A (N~) E0 (N2) F~ (M, N2) dFN, = 
F~ 

1 [Q~(M, N2)+ -~ ~ l A (N~) Eo (N~) 
F2 

+ f R (Wl) Q~ (Jl, N,) Q (N~, N2) dFm,] dF~.L, (4) 
F,  

i • (P) n0 (P) Z~ (M, P) dV~) = i • (p) rio (P) L~ (M, P) dVp + 

+ ~  D,~ f • (p) ~lo (P) [ f R (NI) Q~ (M, Nx) Q (N,, P) dFu, + 
V F,  

+ I, R (No_) O~ (M, ~v.) Q~ (:~% p) dF,.. + 

/*'~ Fe 

• Q (Nz, NI) Q~ (N~, P) dFN, dFr,,, + 

+ I I R ( N ~ ) R ( N ~ ) Q I ( M ' N ~ ) x  

• Q (N~, N=) Qt (N=, P) dFN,dFN,] dVp. (5) 

The effect  of mult iple  re f lec t ions  is r ep re sen t ed  he re  
by the g e o m e t r i c a l - o p t i c a l  re la t ion  

diative heat  source  pe r  unit volume is 

"~q ('G = - ~ -  = 4Eo (T) - -  2 
0 

, { t -- 4RIR2K. 2 ('Co) A1Eo,1 [K~ (~) + 2R2 Ka (~0) K~ (to - -  T)] + 

+ A~Eo,~ [K2 (To - -  X') .+ 2RiKa (to) K~ (1:)] + 

a- o 

+ 2R~K~ (~:) f Eo ('~) K~ ('v) dv + (6) 
o 

"~o 

+ 2R~K2 (% --  r) l Eo (~) K~ ('co - -  T) d~ + 4R~R:Ka (re'o) • 
o 

, I K . , o - ,  l K. ( ,) , ,  + ( ,  
o o 

This express ion  ag rees  with an analogous expres s ion  
for  ~?(T) in [13], obtained by a d i rec t  radiat ive heat 
flux balance.  

j 7 

v~ 

Fig. 1. Distr ibut ion of d imen-  
s ionless  t e m p e r a t u r e  ~(g) as a 
function of the optical  depth 
r/% of a radia t ing gas bounded 
by per fec t ly  black su r faces .  

DI~= I - -  S i R (N1)R (N~) Q (N1, N~) O (N2 , N1)dFN, dFN,. 
F, F ,  

Substi tut ing the above g e o m e t r i c a l - o p t i c a l  p a r a m e t e r s ,  
analogous  to radia t ion  shape fac to rs ,  into (2), we ob-  
ta in  fo r  ~ (54) an in tegra l  equation in a fo rm which can 
be used d i rec t ly  in fu r the r  ca lcula t ions .  

In the c o u r s e  of  the ca lcu la t ions  we use  the expo-  
nential  in tegra l  Kn(x), which is c h a r a c t e r i s t i c  of  t r a n s -  
fe r  p r o c e s s e s  in absorb ing  media,  the opt ical  depth 7, 
and the opt ical  th ickness  T o of  the layer ,  

i i i K~(x)= e-x/~ n-Id~ v =  • t o =  • 
o (~ o 

In tegra t ing the r ight  and left sides of (6) t e r m  by 
t e rm ,  and us ing the ru les  for  in tegrat ion under  an in- 
t eg ra l  sign, we obtain an expres s ion  for  the net hemi -  
spher ica l  radia t ive  heat  flux. Following [14], we r ep -  
r e sen t  the la t ter ,  as well  as  Eq. (6), in the f o r m  

E (v) = 2A~ (v) Eo,, - -  2A2 (T) Eo,2 + 2 i Eo (~) T (% g) dE - -  
o 

% 

- -  2 1 Eo (~) T (~, T) dE, 

dE('O _ 4Eo (v) - -  2A~" ('Q Eo,~ - -  d'~ 

In the case  when F 1 and F 2 a r e  opt ica l ly  homoge -  
neous and i so the rmal ,  the e x p r e s s i o n  for  the net r a -  

�9 T o 

-- 2A( ('~)Eoa--2!Eo(~)Z(% ~)d~. (7) 
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which con ta ins  the  g e o m e t r i c a l - o p t i c a l  p a r a m e t e r s  

A~ (~) = ~ [Ka (*) - -  2R~Ka (%) Ka (% - -  'r)] , 

As "K " As (~) = -lh~ [ ~ (% - -  *) - -  2R~Ka (%) Ks ( ~ ) ] ,  

At At' (*) = ~ [K~ (v) + 2R~Ka (%) K~ (% - -  "0], 

A ;  (~) = A,  [K~ (*o - -  *) + 2R~K~ (%) Ks  (~')] 

D ~  ~ 1 - -  4R~R~Ka ~ (%) , 

Rx 

W (~, v) ---- Ks (~ - -  ~) - -  2A~ (v) ~ x 

x K~ (~) + 2A~ (~) a~ ~ K~ (% - -  ~), 

Z (~, ~)---- K~ Iv:-- ~I + 2Al' (~) -~. x 

• K~ (~) + 2A~' (~:) ~-~.K: (% - -  ~).  (8) 

When the  r a d i a t i n g  s y s t e m  is  in t h e r m o d y n a m i c  
equ i l i b r i um,  equa t ions  (7) and (8) d e g e n e r a t e  into the  
i n t e g r a l  equa t ions  for  a c l o s e d  s y s t e m  

A~ (~) -- A~ (v) + W (~, ~) d~ - -  i W (~, v) d~ = 0, 

~a 

o 

(9) 

Us ing  (9), we can  r e p r e s e n t  (7) and (8) in the  d i -  
m e n s i o n l e s s  f o r m  

,~ ,c o 

q -  2 A , ( v ) - - 2 f W ( v  , ~)(~(~)d~ + 2fW(~,  vl(p(~) d~, (10) 
0 

dq  ( ' 0  _ 4(~ (T)  - -  2A~' ('0 - -  21  Z (T, ~) q) (~) d~ 
d ' ~  

o 

E (~)  , Eo ( ~ ) - -  Eo ~ ~. 

The a n a l y s i s  of  hea t  t r a n s f e r  in r a d i a t i v e  e q u i l i b -  
r i u m ,  when the net  to t a l  r a d i a t i v e  hea t  s o u r c e  p e r  
unit  vo lume  i s  i d e n t i c a l l y  equal  to z e r o  and the ne t  
h e m i s p h e r i c a l  r a d i a t i v e  hea t  f lux i s  cons tan t  (E(?) = 
= cons t ,  d E / d ? - -  0), r e d u c e s  to the  s i m u l t a n e o u s  s o -  
lu t ion of the  equa t ions  

i 
= ( 1 2 )  

0 

0 

which fol low f r o m  (10), (11). Note tha t  the  ca l cu l a t i on  
of  the  d i m e n s i o n l e s s  hea t  flux q i s  r e d u c e d  to a quad-  
r a t u r e  of  ~(?),  which i s  ob ta ined  f r o m  the  so lu t ion  of  

(12). Thus,  e s s e n t i a l l y ,  the  whole p r o b l e m  is  r educed  
to the  a n a l y s i s  and so lu t ion  of Eq. (12), which i s  a 
F r e d h o l m  equat ion of the second kind with  the k e r n e l  
KII ? - ~1, which has  a l o g a r i t h m i c  s i ngu l a r i t y  at  ? = 

Note, that  when A t = A2, the  condi t ion  of op t i ca l  s y m -  
m e t r y  of the r ad i a t i ng  s y s t e m  y i e ld s  the  obvious r e l a -  
t ion  

( ~ ) + ~ ( T 0 - ~ ) = l ,  o r  ~ C / ~ 0 ) + ~ ( V ~ 0 ) - - = l ,  
(:/2T0) = :/~. 

On the o t h e r  hand, in the  g e n e r a l  c a s e  Eq. (12) ob-  
v ious ly  y i e ld s  

In the  c a s e  of op t i ca l  s y m m e t r y ( B  1 ---- B~), (p (z) = ~/2 
fo r  ? 0 = 0. One should note the  g e n e r a l i z e d  fo rm of the  
i n t e g r a l  equat ion (12), which i s  c h a r a c t e r i s t i c  of t r a n s -  
f e r  p r o c e s s e s  which involve  the notion of a mean  f r ee  
path .  

In p a r t i c u l a r ,  in the  a n a l y s i s  of i n t e r n a l  s h e a r  of 
r a r e f i e d  g a s e s  one ob ta ins  an i n t e g r a l  equat ion which 
d e s c r i b e s  the d i s t r i bu t ion  of the m e a n  ve loc i ty  of a gas  
bounded by  two p a r a l l e l  p lanes ,  one of which is  m o v -  
ing, which  in the  c a s e  of i n e l a s t i c  m o l e c u l e s  t a k e s  on 
the f o r m  [15] 

.r o 
1 

o 

[T = zy. "Co = zh, z = t/l] . 

Here  1 is  the  m o l e c u l a r  mean  f r ee  path,  w 0 i s  the  v e -  
loc i ty  of  the moving  boundary ,  W(T) is  the  m e a n  v e -  
loc i ty  of the  gas  a t  the  d i s t ance  ? away f r o m  the wall ,  
and h i s  the  t h i c k n e s s  of the  gas  l a y e r .  This  equat ion 
is  i den t i ca l  to the  i n t e g r a l  equat ion 

0 

which i s  a p a r t i c u l a r  c a s e  of (12), w r i t t e n  in d i m e n -  
s iona l  fo rm,  fo r  the c a s e  when the bounding wa l l s  a r e  
p e r f e c t l y  b l a c k  and the e m i s s i v e  power  of one of  t h e s e  
i s  z e r o .  

The a n a l y s i s  of the  m o l e c u l a r  t r a n s f e r  in a p lane  
l a y e r  of  a r a r e f i e d  gas  i n d i c a t e s  tha t  the  p ro f i l e  of 
the  m e a n  v e l o c i t y  is  l i n e a r  o v e r  a c o n s i d e r a b l e  p o r -  
t ion  of gas  l a y e r  [15]. Thus,  a s  a f i r s t  a p p r o x i m a t i o n  
we m a y  use  a l i n e a r  dependence  of ~(T) on the Optical  
depth ? 

(To) (o) 
(T) = ~ (0) + ~ --  ~ v. (14) 

To 

Subst i tu t ing  (14) into the  i n t e g r a l  equat ion  (12), we 
obta in  the  second  a p p r o x i m a t i o n  
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where  

t A ' ' "  �89  a ( x ) - - - ~  ~ (r) ,  b ( t ) =  (x) - -  K~ (% - -  ~) + 

I A , ( ~ )  A ~ .  ( 1 6 )  --  A~'(v) A-~Ks(% ) -~ -~ 

Evalua t ing  (15) at  T = 0 and at T = T0, we obta in  a 
sy s t em of a lgeb ra i c  equat ions  for go(0) and go0"0), which 
has the solut ion 

a (0) (i  - -  c (~0)) § a (To) c (0) 
q) (0) = i -- b (0) -- c (To) (i -- b (0))-~-c(0) (i --b (~o)) 

a(to)(1--b(O))--a(O)(c(ro)--a(~o)--b(to)) (17) 
(~o) = , - - - - ~ ( o S - ~ . y ~ - - - V ~ - ~ o ) ( - - V z - b ( - ~ o ) )  " 

Here a (0), a (%), b (0), b (%), c (0), and c (%) a r e  the 
va lues  of a, b, c [Eq. (16)] at T = 0  and T = % .  

When the r ad ia t ing  s y s t e m  is  opt ica l ly  s y m m e t r i c a l  
(R 1 = R2), the solut ion of (12) with the l i n e a r  approx i -  
ma t ion  can be wr i t t en  

l l 

• (A,' (0) R~ . . . . .  R~ 

D (%) ---- i + % (l - -  K2 (%)) - -  2K3 (%) ~- (18) 

In the specia l  case  when the bounding wal l s  a r e  p e r -  
fec t ly  b lack  (R 1 = R 2 = 0), so lu t ion (18) takes  on the 
much s i m p l e r  fo rm 

'/~ - -  Ks (~o) + t (1 - -  K2 (~o)) 
(p (t) = i -{- To (i -- K~ (%)) -- 2Ka (~o)' (19) 

and solut ion (15) becomes  

+ ( i - - K ,  (%)) (2 t+Ks (t) --Ks (%- - t ) ) - -  

[D(%) ---- i + %(i  - -K~ (%))--  2Ks (%)]. (20) 

The d i s t r i bu t i on  

Eo (~) - -  Eo.x t 
c P ( ~ ) -  E2.2--Eo.1 ' ~ "~o 

as  a funct ion of the opt ica l  depth in a r ad i a t i ng  gas 
(Fig. 1) for  ~0 = o, o.2, o.5, l.o, 2.0, 5.0, ~ ,  ca lcu la ted  
f r o m  Eq. (20), i s  in  v e r y  good a g r e e m e n t  (within <1%) 
with the exact  n u m e r i c a l  so lu t ion  given in [2]. It can  
be seen  that the l i n e a r  approx ima t ion  is  in  s a t i s f a c -  

to ry  (within <3% e r r o r )  a g r e e m e n t  with the second ap- 
p rox imat ion  to the solut ion of (12). 

The t e m p e r a t u r e  d i s t r ibu t ion  in a plane l aye r  of a 
rad ia t ing  gas is  de te rmined ,  as can be seen f rom (14) 
(17), and (18), by the optical  th ickness  of the l aye r  and 
by the optical  p rope r t i e s  of the rad ia t ing  su r faces .  

q ~ ~  ,~oR/I.o t 

n .  

6.t "r----.-....~ ~ 

% 
o i z 3 q 5 

Fig.  2. D imens ion l e s s  t e m -  
pe ra tu r e  at the wal l  r ~ 0, 
go(0), as a function of the op- 
t ica l  th ickness  of the gas l ayer ,  

F igure  2 shows the d i m e n s i o n l e s s  t e m p e r a t u r e  n e a r  
the wall  T = 0, go(0), which r e p r e s e n t s  the t e m p e r a t u r e  
slip, as a funct ion of the optical  t h i ckness  T 0 for  the 
case  of opt ical  s y m m e t r y  for the va lues  R 1 = R 2 = R = 
= o. 0.2, 0.4, 0.6, 0.8 and t.0. 

As might  be expected, the t e m p e r a t u r e  sl ip go(0) 
i n c r e a s e s  with i n c r e a s i n g  R and a t ta ins  i ts  m a x i m u m  
value go(0) = 1/2, which is  independent  of TO, for R = 
= 1 .0 .  * In the absence  of opt ical  s y m m e t r y  (Rl # R2), 
the inf lec t ion  point, which is  c h a r a c t e r i s t i c  for the 
case  with opt ical  s y m m e t r y  (Fig. 1), moves  towards  
the wal l  with the h igher  e mi s s i v i t y .  F igure  3 shows 
the d i s t r ibu t ion  g0(C), based on the l i n e a r  app rox ima-  
t ion  in Eqs.  (14) and (18), for R 1 = 0 .3  and R 2 = 0 .8  
for the va lues  T O = 0(0.2, 0.5, i.0, 3.0i 5.0 a nd  ~.  

Gene ra l i z ing  our  c ons i de r a t i on  ot the approx imate  
solut ion of the in t eg ra l  equat ion (12), we note that  such 
equat ions  have unbounded k e r n e l s  of l i n e a r - p o t e n t i a l  
type, for  which F r e d h o l m ' s  t h e o r e m s  in  the plane of 
the complex  p a r a m e t e r  X = 1/2 hold the same  way as 
they hold for  cont inuous  k e r n e l s .  This  al lows us to 
solve in tegra l  equat ions  of the type of equat ion (12) by 
the usua l  methods  and, in  pa r t i c u l a r ,  by the i n t e r a t i on  
method.  

The solut ion of the p a r t i c u l a r  fo rm of (12) c o r r e -  
sponding to pe r fec t ly  b lack  su r faces ,  

! 

7 ( x , ( t o - t ) +  f xl j t - :  i 
0 

(21) 

can be obtained in the following m a n n e r .  

*Rigorous ly  speaking,  the case  R - 1 .0  should be 
excluded f rom ou r  cons ide ra t ion ,  s ince  it  does not 
gua ran tee  the un iqueness  of the solut ion of the in t e -  
g ra l  equa t ions .  
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~ / /  5.0t 

==7 / 
i a2, 0.o 

1 

Fig .  3. D i s t r i bu t ion  of ~( [ )  a s  
a funct ion of  the op t i ca l  depth 
~/~'0 in a gas  l a y e r  bounded by 
r e f l e c t i n g  s u r f a c e s  with R I = 

= 0 .3  and R2= 0 .8 .  

Fo l lowing  [17], we d i f f e r en t i a t e  (21) with r e s p e c t  
to ~. D i f f e r en t i a t i ng  u n d e r  the i n t e g r a l  s ign  we use  
the  obvious  p r o p e r t y  of  the k e r n e l  K~[ z - ~ 1, which 
can be  w r i t t e n  in the  f o r m  of the  c o n s e r v a t i o n  equa-  
t ion  

OIC,['~--[! OKxJ'~--[[ : 0 .  
a~ + o; 

A f t e r  some  s i m p l e  t r a n s f o r m a t i o n s ,  we obta in  

the  r e s o l v i n g  k e r n e l s  (the s e r i e s  of i t e r a t e d  k e r n e l s  
m a y  be  t r unca t ed  at the  second t e r m ) .  

Note, tha t  c o m p a r i n g  the e x p r e s s i o n s  for  9(0) f r o m  
(19) and  (24) we obta in  the  r i g o r o u s l y  exac t  i n t e g r a l  
iden t i ty  

l 1 - -  K~ (vo), 
F, (I:) dz = % % --Ka (%)" 

0 

F r o m  Eq. (13) fo r  the ne t  h e m i s p h e r i c a l  r ad i a t i on  
flux i t  fol lows tha t  the  l a t t e r  can  be c a l c u l a t e d  by  quad-  
r a t u r e s  of the t e m p e r a t u r e  d i s t r i bu t ion .  

To ca l cu l a t e  the i n t e g r a l  on the r igh t  s ide  of (13), 
we use  the  l i n e a r  a p p r o x i m a t i o n  fo r  ~(~) in the  fo rm 
(14), w h e r e  ~(0) and ~(~'0) a r e  d e t e r m i n e d  e i t h e r  f r o m  
the g e n e r a l  solut ion (17), o r  f r o m  the p a r t i c u l a r  so lu -  
t ion  (18) ob ta ined  for  the  c a s e  of op t i ca l  s y m m e t r y .  
A f t e r  s e v e r a l  t r a n s f o r m a t i o n s ,  the g e n e r a l  e x p r e s s i o n  
fo r  the d i m e n s i o n l e s s  f lux can  be  w r i t t e n  in the f o r m  

q =  2A2 (0) + 2q) (0) (A~ (0) - -  A2 (0)) - -  2 (p (Vo) -- r (o) 
i --  4R~R~Ka~ ('to) • 

• { A , A ~ K ,  (*o) - -  ~o A ,  (1 - -  2B~Ka (%)) (*/~ - -  K~ (%))}, 

a */~--2R~K~(*o) ~ m ~ - -  A,A,K~(*o) �9 (26) 

1 r = T (K~ (,) + K1 (,0 - -  ,)) r (0) + 

1 
+.  2 -  l K~ I"t' - -  ~ I q~' (~) dE: (22) 

o 

Solving (22) by  m e a n s  of r e s o l v i n g  k e r n e l s  and in -  
t e g r a t i n g  the so lu t ion  f r o m  0 to ~, we obta in  

i 

0 o 

A s s u m i n g  h e r e  n- = %/2  and t ak ing  into account  tha t  
r  = 1/2,  we have 

' ' '  i ~ 
+ ( 0 ) = ( 2 +  rl (~) d,);.' ( 2 4 )  

0 

The g e n e r a l  so lu t ion  of (21) can  be  f ina l ly  w r i t t e n  
in the  g e n e r a l i z e d  f o r m  

1 t 

o 0 

% 

o 

+ @ I ;Ir, (;) d;. (25) 
0 

% 

0 

The good c o n v e r g e n c e  of  the  i t e r a t i o n  p r o c e s s  a l -  
lows us  to  use  (25) with a p p r o x i m a t e  e x p r e s s i o n s  fo r  

\ 
q 

~k 
o.z o.~ 1.o z.a J.o u.o ~, 

Fig .  4. D imens iona l  hea t  flux 
q a s  a funct ion of the  op t i ca l  

t h i c k n e s s  %. 

He re  we have  used  the equat ion of a c lo sed  s y s t e m  (9), 
which fo r  ~- = 0 y i e l d s  

A,  (0) - -  As (0) - -  l ~ '  (~) dE = 0- 
0 

In the c a s e  of op t i ca l  s y m m e t r y  one should take  into 
account  tha t  

q~ (~o) = I - - +  (0). 

Of p a r t i c u l a r  i n t e r e s t  is  the  p a r t i c u l a r  c a s e  of  (26) 
c o r r e s p o n d i n g  to p e r f e c t l y  b l a c k  s u r f a c e s .  The d i m e n -  
s i o n l e s s  f lux t a k e s  then the r e l a t i v e l y  s imp le  fo rm 

q =  < +  + K a ( % ) +  + ( i - - . K :  (%))1 -- 3K4 ( ' q 0 ~ l  -- 2K~ ('roiJ • 

t - -  K2 ('to) ,~-1 
x (l  + *o ~ : - 2 ~ /  " (27) 
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Calculations based on (27) are practically identical with the resuk 
of exact numerical solutions given in [2]. Figure 4 shows q as a func- 
tion of the optical thickness of the layer, calculated from Eq. (26) for 
the valuesR t=R2 = R = 0 ,  0.2, 0.4, 0.6, and 0.8. The small circles 
represent values calculated from the approximate formula 

q = (t/A1~- l I A r - -  ~ + "/4 ~o) -1, (28) 

which has been obtained by the differential method, assuming isotropic 
intensity distribution throughout the layer [7]. 

As could be expected, the agreement between the simplified for- 
mula (28) and formula (26) increases with increasing R. The dashed 
line in Fig. 4 represents the results for q for the case of optical asym- 
metry (R 1 = 0.3, R z = 0.8), which are also in good agreement with 
(28). 

In Conclusion, one should note the conservative nature of q with 
respect to the imposed temperature distribution. 

In this paper we have demonstrated the continuous transition from 
the general equations of radiative transfer (1), (2) to the particular 
form (7), (8). We have constructed the integral equations (12), (13), 
whose form is characteristic of transfer processes characterized by the 
notion of a mean free path. 

We have shown the physical motivation for the use of the linear ap- 
proximation (14)-(17) for r Using this approximation to obtain the 
second approximation (20), which practically coincides with the exact 
solution, we have demonstrated the relatively fast convergence of the 
iterative solution of (12). 

In the case of optical symmetry of the radiating system, the tern- 
perature distribution ~(~) has a fixed inflection point ar the midplane, 
(independent of the optical thickness of the layer). The temperature 
slip at the walls is determined by the optical thickness of the tayer 70 
and by the optical properties of the surfaces R. The temperature slip de- 
creases with increasing T 0 and increases with increasing R. 

In the absence of optical symmetry the inflection point moves away 
from the midplane in the direction of the wall with the higher emissiv- 
ity. The values of the net hemispherical radiation flux density calculat- 
ed from (26) and (27) with the linear temperature distribution, coincide 
with the results of exact numerical calculations. 

The author would like to thank S. S. Kutateladze for his interest 
in this work. 
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